We study local distinguishability of maximally entangled states (MESs) 
I. INTRODUCTION
In quantum information processing, one often encounters that the subsystems of a composite system are spatially separated. Therefore, quantum manipulation of the system can be carried out only by local operations and classical communication (LOCC). The local distinguishability of quantum states plays important roles in the exploration of LOCC capabilities [1, 2] . Suppose Alice and Bob share a bipartite quantum state chosen from a set of previously known orthogonal states. Their task is to identify the given state by using only LOCC. The set of states are said to be locally distinguishable or distinguishable by LOCC if there exist LOCC protocols to identify exactly the states of the given set, otherwise the set is locally indistinguishable or indistinguishable by LOCC or nonlocal. The study on local distinguishability of quantum states has direct applications in data hiding [3] and quantum secret sharing [4] .
Since Bennett et al. discovered a locally indistinguishable 3 ⊗ 3 pure product basis in [1] , much work has been focused on finding orthogonal product states or maximally entangled states which are locally indistinguishable . One motivation for these constructions is that constructing locally indistinguishable orthogonal quantum states (product basis) helps to understand the boundary between LOCC operations and global operations (separable operations).
However, its applications in data hiding and quantum secret sharing require that participants can reveal the encoding results by using LOCC. That is to say, quantum states used to hide secrets should be able to be identified under local operations and classical communications. Therefore, in addition to constructing sets of quantum states that can not be locally distinguished, it is also very important to study the sufficient condition to ensure that a set of quantum states can be locally distinguished.
For the local distinguishability of maximally entangled states, many results have been obtained. In 2004, Fan [34] noticed that the local distinguishability is not changed under local unitary operations. By using a series of complex Hadamard matrices acting on the generalized Bell states (GBSs), it has been successfully proved that: any l prime d-dimensional GBSs can be locally distinguished provided l(l − 1) ≤ 2d. In 2005, Nathanson showed that any three orthogonal maximally entangled states (MESs) can be distinguished by LOCC in C 3 ⊗ C 3 , which is conjectured to be also true for higher dimensional systems [35] . The result of Fan was extended by Tian et al. to the prime power dimensional mutually commuting qudit lattice states [36] . The classification of local distinguishability of four GBSs in C 4 ⊗ C 4 has been analyzed in [37, 38] . Wang et al. showed that any three orthogonal GBSs can be locally distinguished for any dimension d ≥ 4 [39] . An interesting question is whether the results of Fan and Tian et al. can be extended to arbitrary dimensional quantum systems.
The rest of this article is organized as follows. In Sec. II, we mainly discuss the relationship between maximal entangled states and unitary matrices. And we review some important MESs such as generalized Bell states and qudit lattice states. In Sec. III, for a given maximally entangled basis, we present a direct proof of teleportation scheme over unknown channels. In Sec. IV, we give a necessary and sufficient condition such that a set of special MESs can be distinguished under one-way LOCC. In fact, the problem of one-way LOCC discrimination of special MESs is equivalent to the problem of distinguishability of the corresponding unitary matrices. We study the properties related to this equivalence problem. In Sec. V, we apply the main results obtained in Sec. IV to general qudit lattice states. We obtain a general version of the results given by Fan and Tian et al. for any dimensionality. Moreover, we step forward to consider for a given l, whether or not all l qudit lattice states can be distinguished by LOCC for large enough dimension d. Finally, we draw a conclusion and put forward some interesting problems in Sec. VI.
II. UNITARY MATRICES AND MAXIMALLY ENTANGLED STATES
Consider a d × d bipartite quantum system H A ⊗ H B . Let {|0 , |1 , · · · , |d − 1 } be the computational basis of the subsystem. The standard maximally entangled state can be expressed as |ψ 0 =
|ii . Any maximally entangled states can be uniquely written in the form |ψ U = (U ⊗ I)|ψ 0 for some unitary matrix U . There is a one-one correspondence between maximally entangled states in H A ⊗ H B and unitary matrices in U(d). We call U the corresponding unitary matrix of |ψ U . Moreover, one has the following relation,
That is, the correspondence is inner product preserving. Below are two sets of important maximally entangled states: generalized Bell states and qudit lattice states. be a primitive dth root of unity. We define the bit flip and phase flip operators to be
The following d 2 orthogonal MESs are called generalized Bell states:
(1)
where w = w
. This implies that the defining matrices of GBSs are commutative up to some phases.
(ii) Qudit lattice states. Firstly, we consider a simple case d = p r , that is, d is a power of some prime number p. Let Z/pZ = {0, 1, ..., p − 1} be the additive group with p elements. For any r dimensional vectors s = (s 1 , s 2 , ..., s r ) and t = (t 1 , t 2 , ..., t r ) ∈ (Z/pZ) r , we define unitary matrices,
Qudit lattice states are defined to be X
We define a lattice unitary matrix to be
and the qudit lattice states to be X s Z t ⊗I|Ψ 0 . One can easily check that a similar commutative relation to (2) holds
where |w(s, t, s
If a set of orthogonal unitary basis
then we call this basis twist commutative. Note that
Combining these equalities with Eqs. (2) and (3), one can easily find that both generalized Bell basis and qudit lattice basis are twist commutative.
i=0 is a mutually orthogonal unitary basis of M dj (C) which is twist commutative for
is also an orthogonal unitary basis of M d (C) which is twist commutative. In this paper, we mainly focus on maximally entangled states {|Ψ Ui } which correspond to a twist commutative unitary basis {U i }. Since the one to one correspondence of MES and its defining unitary matrix, we simply identify a set of MESs with the set of corresponding defining unitary matrices,
III. TWIST QUANTUM TELEPORTATION SCHEME
, where i ∈ {x, y, z} and
The above teleprtation scheme works d-dimensional case too [40] . Suppose {|Ψ i i = 0, 1, ..., d
2 − 1} is an mutually orthogonal maximally entangled basis of a bipartite system H ⊗ H with dim C H = d. Without loss of generality, we assume that
. Then there exists a unique unitary matrix U i corresponding to |Ψ i ,
where the sub-indices A, B and C denote qudits A, B and C, respectively.
Proof:
The coefficients in the right hand side of (5) can be written as
Combining equations (5), (6) and (7) one proves the Lemma.
Lemma 1 shows that if Alice and Bob share the maximally entangled states |Ψ r AB and Alice wants to teleport the state |ψ C to Bob, she only needs to make a projective measurement under the basis {|Ψ i } . We call such teleportation scheme twist teleportation (See Fig 1) . 
Ancilla

IV. LOCAL DISTINGUISHABILITY OF TWIST COMMUTATIVE MAXIMALLY ENTANGLED STATES
Given a set of unitary operators
, we say that they are distinguishable if there exists a unit vector |α ∈ C d such that
are pairwise orthogonal. By definition two nonorthogonal unitary matrices might be distinguishable. For example, the following two 3 × 3 matrices
are pairwise orthogonal if and only if {U
are pairwise orthogonal, where |α is the complex conjugation of |α . The following is an general version of one main result (the Theorem 1) in [20] .
i=0 be an orthonormal maximally entangled basis of H A ⊗ H B whose corresponding unitary matrices S = {U i } Proof: The proof of the necessary part has been investigated by Nathanson [30] . For the sufficient part, suppose |α is a unity vector such that {U T |α U ∈ L} are pairwise orthogonal. Firstly, Alice prepares the state |α in her ancilla system C. Then Alice and Bob use the state |Ψ U , which needs to be identified, as the resource state to teleport Alice's state |α according to the twist teleportation scheme shown in Fig. 1 . Alice first makes projective measurement under the basis
. If the outcome is "i", Lemma 1 tells us that the states of Bob is just U T U † i |α . By the commutative assumption, one has
Hence, for U, V ∈ L and U = V , we have
This implies that Bob can distinguish these states by a projective measurement according to the orthonormal set {U T U † i |α } U∈L , see Fig. 2 . One might find that to study whether a set of unitary matrices are distinguishable or not is more efficient than to determine the one-way LOCC distinguishable problem of the corresponding states. In the following we give some useful properties of the distinguishability of unitary matrices.
Proposition 1. Let d 1 and d 2 be two integers such that
2 ≤ d 1 ≤ d 2 .
For any orthogonal unitary basis {U
of M d1 (C) and V ∈ U(d 2 ), the set of unitary matrices
be the computational orthonormal basis of systems A and B, respectively. Set
Proposition 2. Let L j be a set of distinguishable mutually orthogonal unitary matrices in U(d j ), j = 1, 2, ..., f , and
Proof: Since L j can be distinguished, there exists a unit vector
be two different elements in L. There must exist some j 0 such that U (j0) and
Hence, {U |α U ∈ L} are indeed pairwise orthogonal and the set L are distinguishable by definition.
From proposition 2, the Remark in section II and the Theorem 1, we can easily deduce the following corollary. 
Theorem 2. Let d be an odd positive integer with prime factorization
Then any set of l qudit lattice states are distinguishable by one-way LOCC provided that l(l − 1) ≤ 2p
Proof: Let L denote the corresponding unitary matrices of any given l qudit lattice states. Every matrix in L can be written as f tensor products of unitary matrices of dimension p ri i ,
Let l i denote the number of elements
From Tian's results in [36] , the states corresponding to L i can be one-way LOCC distinguished. Due to the necessity of Theorem 1, the unitary matrices in L i are distinguishable. By Corollary 1, the unitary matrices in L ⊆ L are distinguishable too. From the sufficient part of Theorem 1, the set of qudit lattice states corresponding to L are distinguishable by one-way LOCC.
For any l ≥ 2, we say that d satisfies P(l) if any l unitary matrices corresponding to l different qudit lattice states of dimensional d are distinguishable. Denote P (l) = {d ∈ N d satisfied P(l)}. It is obvious that P (l) ⊇ P (l + 1). As any two orthogonal bipartite states are distinguishable by one-way LOCC, we have that P (2) = {2, 3, 4, ...}. An interesting problem is to determine P (l) for l ≥ 3. Proof:
we can draw the conclusion for such d by Theorem 2. Hence we only need to consider the case p
Suppose the unitary matrices corresponding to the three states are given by
Without loss of generality, we assume that U
3 . Then there exists a unit vector
3 |α 2 = 0.
Moreover, there also exists a unit vector
3 |α 1 = 0. Set |α = |α 1 ⊗ |α 2 . Then for any 1 ≤ i = j ≤ 3, we have
j )|α = 0, i.e., the set L is also distinguishable.
(c) |L 2 | = 3. Similar to the case (b), there exists a unit vector
Choosing an arbitrary unit vector |α 1 ∈ C 2 and setting |α = |α 1 ⊗ |α 2 , we have the following relations
which implies that L is distinguishable.
Then the sufficient part of the Theorem 1 implies the conclusion.
As any three Bell states can not be locally distinguished, from Theorem 3 we have that P (3) = {3, 4, 5, ...}. In the next theorem, we try to determine the P (4). Proof: We first give two claims whose proofs will be presented in Appendix A.
• Claim 1:
• Claim 2: If p is a prime number with p ≥ 7, then 2p ∈ P (4). 
VI. CONCLUSION AND DISCUSSION
We have studied the problem of local distinguishability of maximally entangled states based on twist teleportation. Focusing on maximally entangled basis whose corresponding unitary matrices S = {U i } We separate the arguments into four cases according to the cardinality of L 2 . (only the first and the j 0 -th coordinates are nonzero), then |α satisfies all the equations above. Hence L is distinguishable.
